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4.2 The definite integral
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Reference: Varberg, Purcell, Rigdon (ninth edition) . Calculus.
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Riemann sum

Rp = Zf(fi)-AX
i=1

fbf(x) dx = llm zf(xl) Ax







a, b]

interval length: b —a

x1+x2
2

midpoint: x; =

b—a
n




Example 1: Evaluate the Riemann sum for f(x) = x* + 1 on the interval [-1

equally spaced partition points —1 < —0.5<0< 0.5 <1< 1.5 < 2,withthes

x;being the midpoint of the ith subinterval.

—1 + (—0.5) . —05+40
= = —0.75 Xy =———=-025
. 05+1
0.25 Xy =———=075
. 15+2
1.25 X, = = 1.75




Wa[ekedli Ax,

= [£(=0.75)(0.5) + £(—=0.25)(0.5) + £(0.25)(0.5) + £(0.75)(0.5)
+ £(1.25)(0.5) + £(1.75)(0.5)]

= (0.5)[f(=0.75) + £(=0.25) + £(0.25) + £(0.75) + f(1.25) + F(1.75)]
= (0.5)[1.5625 + 1.0625 + 1.0625 + 1.5625 + 2.5625 + 4.0625]
= (0.5)[11.875] = 5.9375
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Example 2:  Evaluate the Riemann sum R for

fX)=(x+1D(x—-2)(x—4) =x3—-5x>+2x+8
on the interval [0,5] using the partition ~...

0<11<2<32<4<5

fl — 05 fz — 15 fg — 25 .f4 — 36 .725 — 5

5
Rp = ) f(5).Ax;
=1

= [£(0.5)(1.1) + £(1.5)(0.9) + f(2.5)(1.2) + £ (3.6)(0.8) + f(5)(1)]
= 23.9698
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The indefinite integral

ff(x) dx =F(x)+c

The definite integral

b
[ rG0 dx = F ) - F@)

b n
[ e ax = jum,Ro= fim, >
a L=
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norm || 2||: the length of the longest of the subintervals of the part
n b
Hylrlg();f@mi - [ reax

jaf(x)dx=0

b a
! F () dx = — bf Fx) dx



Riemann integral steps:

1- Partition the interval into n equal subintervals.

2- Take any point and substitute in the function.

3- Find Riemann sum

4- Take the limitasasn —» o
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Example 3:  Evaluate f_?’z(x + 3)dx.

S 3-(=2) 5

Ax; - —2,3
x=——=> [-23]

xo = —2+ (0)Ax x1=—-2+1)Ax x,=-2+4+2)Ax

5i
xi =—2+ ()Ax = =2 +g

50

5i
f(xl-)=xi+3=—2-l——+3=1+—
n n

)

n

Rp =zn:f(xi) szz
i=1

=1

5
1+=—
n




agszul ;
. . 5i (5)
=211+ 7l(5) -
i=1
5 +25 B +25 nn+1)
—nl (W o n2 2

Nn—>00

25 25 25 35
x=lim|5+—+ =5+—=
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Example 4:  Evaluate f_?’l(Zx2 — 8)dx.

3-(-1) 4
" n  n

Axi [—1, 3]
xo = —1+ (0)Ax x1=—-14+1)Ax x,=-1+ (2)Ax

_ 41
x;=—1+(()Ax =—-1+—

n
, 47\ 8i 16i> 160 32i?
L 2x?-8=2(-1+—) -8=2(1-—+—-)-8=—-6——+—
n n n n n

- = [32i2 16i 4
Rp = ) fx) Ax:Z[nﬁ —%—6](5)

=1



n3 6 n2 2

128 (2n3 + 3n% +n 64 (n? +n 64 3 1 1
= - —24=—(242+=)=-32(1+=)—24
6 n3 2 n2 3 n n2 n

_128+64+64 32+32 24 64+64 40
3 n  3n? n "~ 3n2 n 3

128 (n(n + 1)(2n + 1)> - 64 <n(n + 1)) ~ 24n

j(sz —8)dx = lim

n—>00

N 3

64 64 40 40
3n2  n 3

-1
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